Abstract. In this work, we say submodules X and Y of M are β * g equivalence, Xβ * g Y , if and only
Introduction
Throughout this paper all rings will be associative with identity and all modules will be unital left modules.
Let R be a ring and M be an R−module. We will denote a submodule N of M by N ≤ M . Let M be an R−module and N ≤ M . If L = M for every submodule L of M such that M = N + L, then N is called a small submodule of M and denoted by N M . Let M be an R−module and N ≤ M . N is called essential submodule of M and denoted by N M in case K ∩ N = 0 for every submodule K = 0. Let M be an R−module and K be a submodule of M . K is called a generalized small (briefly, g-small) submodule of M if for every essential submodule T of M with the property M = K + T implies that T = M , then we write K g M . (in [11] , it is called an e-small submodule of M and denoted by K e M ). It is clear that every small submodule is a generalized small submodule but the converse is not true generally. M is called a (generalized) hollow module if every proper submodule of M is (generalized) small in M . Here it is clear that every hollow module is generalized hollow module. Let M be an R−module and U, V ≤ M . If M = U + V and V is minimal with respect to this property, or equivalently,
Proof. See [4, Lemma 1.24].
2. The β * g Relation Definition 1. We define the relation β * g on the set of submodules of an R−module M by
Proof. Clear from definitions. (See [2] ).
Lemma 2. The β * g relation is an equivalence relation.
Proof. The reflective and symmetric properties are clear. For transitive property,
The following statements are equivalent.
Proof. Let
Similarly, we can prove that
Remark 1. The converse of the Proposition 2 is not true in general. For example, consider the Z-module Z Z and let p and q be primes with p = q. Since Corollary 4. Let M be an R−module. Then SocM β * g 0.
Proof. Clear from Lemma 5.
Corollary 6. Let X 1 , X 2 , ..., X n , Y ≤ M and X i β * g Y for every i = 1, 2, ..., n. Then
Proof. Clear from Lemma 5. 
Proof. Clear from Lemma 7.
Proposition 9. Let M be an R−module. If every submodule of M equivalent to an essential weak g-supplement in M by β * g relation, then M is weakly g-supplemented. Proof. Let X ≤ M . By hypothesis, there exists an essential weak g-supplement V in M such that Xβ * g V . Let V be a weak g-supplement of U in M . By hypothesis, there exists an essential weak g-supplement Y in M such that U β * g Y . Since V is an essential weak g-supplement of U in M , by Proposition 4, V is a weak g-supplement of Y in M . Then Y is an essential weak g-supplement of V in M and since Xβ * g V , by Proposition 4, Y is a weak g-supplement of X in M . Hence M is weakly g-supplemented.
